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TWISTOR SPACES OF GENERALIZED COMPLEX
STRUCTURES
JOHANN DAVIDOV, OLEG MUSHKAROV
Abstract. The twistor construction is applied for obtaining examples
of generalized complex structures (in the sense of N. Hitchin) that are
not induced by a complex or a symplectic structure.
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1. Introduction
The notion of a generalized complex structure has been introduced by
N. Hitchin [18]. It generalizes both the concept of a complex structure and
that of a symplectic one and can be considered as the complex analog of
the notion of a Dirac structure introduced by T. Courant and A. Wein-
stein [11, 12] to unify Poisson and symplectic geometries. The generalized
complex geometry has been further developed by M. Gualtieri [17] and has
recently attracted the interest of many mathematicians and physicists, see,
for example, [1, 3, 4, 6, 9, 10, 16, 19, 20, 21, 22, 23, 25, 26, 33, 34] and the
literature quoted there.
A generalized complex structure on a smooth manifold N is an endo-
morphism J of the bundle TN ⊕ T ∗N satisfying the following conditions:
(a) J2 = −Id, (b) J preserves the natural metric < X + ξ, Y + η >=
1
2(ξ(Y ) + η(X)), X,Y ∈ TN , ξ, η ∈ T
∗N , (c) the +i-eigensubbundle of J
in (TN ⊕ T ∗N)⊗C is involutive with respect to the bracket introduced by
T. Courant [11]. If J satisfies only the conditions (a) and (b), it is called
generalized almost complex structure. The integrability condition (c) is
equivalent to vanishing of the Nijenhuis tensor of J defined by means of the
Courant bracket instead of the Lie one. Every complex and every symplec-
tic structure on N induce generalized complex structures on N in a natural
way. Examples of generalized complex structures that cannot be obtained
from a complex or a symplectic structure have been given in [8, 9, 17]. The
main purpose of the present paper is to provide other examples of this type
by means of the twistor construction.
The twistor theory has been created by R. Penrose [28, 29] to solve prob-
lems in Mathematical Physics. The construction of a twistor space in the
framework of Riemannian Geometry has been developed by M. Atiyah, N.
Hitchin and I. Singer [2]. Following the Penrose ideas, they have defined a
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natural almost complex structure on the twistor space of an oriented Rie-
mannian four-dimensional manifold and found its integrability condition. J.
Eeells and S. Salamon [14] have introduced another almost complex struc-
ture on the twistor space of a 4-manifold which although is never integrable
plays an important role in the harmonic maps theory. The twistor construc-
tion has been generalized to any even-dimensional Riemannian manifold by
L. Be´rard-Bergery and T. Ochiai [5], N. O’Brian and J. Rawnsley [27], P.
Dubois-Violette [13], I. Skornyakov [31]. It has been extended to the class
of quaternionic Ka¨hler manifolds by S. Salamon [30], L. Be´rard-Bergery
(unpublished, see [7, Sec. 14G], [5]), C. LeBrun [24].
Let M be an even-dimensional smooth manifold. Following the general
scheme of the twistor construction, we consider the bundle G over M whose
fibre at a point p ∈ M consists of all generalized complex structures on
the vector space TpM (i.e. endomorphisms satisfying conditions (a) and (b)
above) which yield the canonical orientation of TpM ⊕ T
∗
pM . The general
fibre of G admits a complex structure (in the usual sense) and this fact
allows one to define two natural generalized almost complex structures J1
and J2 on the manifold G when the base manifold M is endowed with a
linear connection. These are analogs of the Atiyah-Hitchin-Singer and Eells-
Salamon almost complex structures. Suppose that the given connection is
torsion-free. Under this condition, the main result of the present paper
states that if dimM = 2, then the structure J1 is always integrable, while
if dimM ≥ 4, it is integrable if and only if the given connection on M is
flat (i.e. M is an affine manifold). In contrast, the structure J2 is never
integrable. The complex structure on the fibres of G is Ka¨hlerian with
respect to a natural metric induced by the metric < , >. The corresponding
Ka¨hler form yields a generalized complex structure on the general fibre of G
and one can define two new generalized almost complex structures on G. It
is not hard to see that these structures are also never integrable.
2. Generalized complex structures
Let W be a n-dimensional real vector space and g a metric of signature
(p, q) on it, p+q = n. We shall say that a basis {e1, ..., en} ofW is orthonor-
mal if ||e1||
2 = ... = ||ep||
2 = 1, ||ep+1||
2 = ... = ||ep+q||
2 = −1. If n = 2m
is an even number and p = q = m, the metric g is usually called neutral.
Recall that a complex structure J on W is called compatible with the metric
g, if the endomorphism J is g-skew-symmetric. Suppose that p = 2k and
q = 2l, and let J be a compatible complex structure on W . Then it is easy
to see by induction that there is an orthonormal basis {e1, ...., en} ofW such
that e2i = Je2i−1, i = 1, .., k + l.
Now let V be a 2n-dimensional real vector space and V ∗ its dual space.
Then the vector space W = V ⊕V ∗ admits a natural neutral metric defined
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by
(1) < X + ξ, Y + η >=
1
2
(ξ(Y ) + η(X))
(we refer to [17] for algebraic facts about this metric).
Lemma 1. Let V be a 2n-dimensional real vector space and let {ei + ηi},
i = 1, ..., 4n, be an orthonormal basis of the space V ⊕ V ∗ endowed with the
neutral metric (1). Then e1, ..., e2n is a basis of V and η1, ..., η2n is a basis
of V ∗ (similarly for e2n+1, ..., e4n and η2n+1, ..., η4n).
Proof. Assume that
∑2n
k=1 λkek = 0 for some λ1, ..., λ2n ∈ R. Then we have∑2n
k=1 λkηl(ek) = 0 for every l = 1, ..., 2n. Denote by P the matrix [ηl(ek)],
1 ≤ l, k ≤ 2n. Let I be the unit 2n × 2n-matrix. Then the matrix S =
P − I is skew-symmetric since ηl(ek) + ηk(el) = 2δlk. Therefore (det P )
2 =
det (P tP ) = det (I−S2). Let β1, ..., β2n be the eigenvalues of the symmetric
matrix S2. Then βk ≤ 0 since the matrix S is skew-symmetric. Thus
(det P )2 = Π2nk=1(1 − βk) ≥ 1, in particular det P 6= 0. Therefore all λk’ s
must be zero.

Let {ei} be an arbitrary basis of a real vector space V and {αi} its dual
basis, i = 1, ..., 2n. Then the orientation of the space V ⊕V ∗ determined by
the basis {ei, αi} does not depend on the choice of the basis {ei}. Further
on, we shall always consider V ⊕ V ∗ with this canonical orientation.
The next lemma is of technical character and will be used in the last
section.
Lemma 2. Let V be a 2-dimensional real vector space and let {Qi = ei+ηi},
1 ≤ i ≤ 4, be an orthonormal basis of the space V ⊕ V ∗ endowed with its
natural neutral metric (1). Then:
e3 = a11e1 + a12e2
e4 = a21e1 + a22e2
where A = [akl] is an orthogonal matrix. If detA = 1, the basis {Qi} yields
the canonical orientation of V ⊕ V ∗ and if detA = −1 it yields the opposite
one.
Proof. According to Lemma 1,
e3 = a11e1 + a12e2 and e1 = b11e3 + b12 e4
e4 = a21e1 + a22e2 e2 = b21e3 + b22e4
where [bkl] = [akl]
−1. Since the basis {Qi} is orthonormal, we have ηi(ej) +
ηj(ei) = 0, i 6= j, 1 ≤ i, j ≤ 4 and η1(e1) = η2(e2) = 1, η3(e3) = η4(e4) = −1.
The latter identities and the identities η1(e3)+η3(e1) = 0, η1(e4)+η4(e1) = 0,
η3(e4) + η4(e3) = 0 imply
a12η1(e2) + b12η3(e4) = b11 − a11
a22η1(e2)− b11η3(e4) = b12 − a21.
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It follows that
(2) b211 + b
2
12 = 1.
Similarly, we see that
(3) b221 + b
2
22 = 1, a
2
11 + a
2
12 = 1, a
2
21 + a
2
22 = 1.
Expressing bkl’ s in terms of akl’ s, we get from (2) and (3) that
(a11a22 − a12a21)
2 = 1.
It follows that the matrix A = [akl] is orthogonal.
To prove the second part of the lemma, let us denote by {α1, α2} the dual
basis of the basis {e1, e2} of V . Then
η1 = α1 + cα2, η3 = d11α1 + d12α2
η2 = −cα1 + α2, η4 = d21α1 + d22α2
for some constants c and dkl. For the coefficients dkl we have
d11 = η3(e1) = −η1(e3) = −(a11 + ca12),
d12 = η3(e2) = −η2(e3) = −(−ca11 + a12),
d21 = η4(e1) = −η1(e4) = −(a21 + ca22),
d22 = η4(e2) = −η2(e4) = −(ca21 + a22).
Thus, if we set c11 = c22 = 1 and c12 = −c21 = c, then [dkl] = −[akl][clk].
Set C = [ckl] and let I be the unit 2× 2-matrix. Then the transition matrix
from the basis {e1, e2, α1, α2} to the basis {Q1, Q2, Q3, Q4} has the form[
I C
A −ACt
]
The determinant of this matrix is equal to 4detA, which proves the lemma.

A generalized complex structure on a real vector space V is, by definition,
a complex structure on the space V ⊕V ∗ compatible with its natural neutral
metric [18]. If a vector space admits a generalized complex structure, it is
necessarily of even dimension [17]. We refer to [17] for more facts about the
generalized complex structures.
Examples [17, 18]. Let V be a 2n-dimensional real vector space.
1. Let K be a complex structure on V and define a complex structure
K∗ on V ⋆ by setting (K∗α)(X) = α(KX), α ∈ V ∗, X ∈ V . Then the
endomorphism J on V ⊕ V ∗ defined by J = K on V and J = −K∗ on V ⋆ is
a generalized complex structure on V . This structure yields the canonical
orientation of V ⊕ V ∗ (the orientation induced by J is defined by means of
a basis of the form Q1, JQ2, ..., Q2n, JQ2n) .
2. Let ω be a symplectic form on V (i.e. a non-degenerate 2-form). Then the
map X → ıXω is an isomorphism of V onto V
⋆. Denote this isomorphism
also by ω and define a complex structure S on V ⊕V ∗ by setting SX = ω(X)
and Sα = −ω−1(α) for X ∈ V and α ∈ V ∗. Then S is compatible with the
natural neutral metric of V ⊕ V ∗, so S is a generalized complex structure
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on V . The structure S induces the canonical orientation of V ⊕ V ∗ if and
only if n = 12dimV is an even number.
Now let g be a metric on V (of any signature) and K a complex structure
on V compatible with the metric g. Then the generalized complex structures
J and S yielded by K and the 2-form ω(X,Y ) = g(KX,Y ) commute.
3. The direct sum of generalized complex structures is also a generalized
complex structure.
4. Any 2-form B ∈ Λ2V ∗ acts on V ⊕ V ∗ via the inclusion Λ2V ∗ ⊂ Λ2(V ⊕
V ∗) ∼= so(V ⊕ V ∗); in fact this is the action X + ξ → ıXB; X ∈ V , ξ ∈ V
∗.
Denote the latter map again by B. Then the invertible map eB is given by
X+ ξ → X+ ξ+ ıXB and is an orthogonal transformation of V ⊕V
∗. Thus,
given a generalized complex structure J on V , the map eBJe−B is also a
generalized complex structure on V , called the B-transform of J .
Similarly, any 2-vector β ∈ Λ2V acts on V ⊕ V ∗. If we identify V with
(V ∗)∗, so Λ2V ∼= Λ2(V ∗)∗, the action is given by X + ξ → ıξβ ∈ V . Denote
this map by β. Then the exponential map eβ acts on V ⊕ V ∗ via X + ξ →
X + ıξβ + ξ, in particular e
β is an orthogonal transformation. Hence, if
J is a generalized complex structure on V , so is eβJe−β . It is called the
β-transform of J .
Let W be a 2m-dimensional real vector space equipped with a metric g
of signature (2p, 2q), p + q = m. Denote by J(W ) the set of all complex
structures on W compatible with the metric g. The group O(g) of orthog-
onal transformations of W acts transitively on J(W ) by conjugation and
J(W ) can be identified with the homogeneous space O(2p, 2q)/U(p, q). In
particular, dim J(W ) = m2 −m. The group O(2p, 2q) has four connected
components, while U(p, q) is connected, therefore J(W ) has four compo-
nents.
Example 5. The space O(2, 2)/U(1, 1) is the disjoint union of two copies
of the hyperboloid x21 − x
2
2 − x
2
3 = 1. It seems instructive to see this in the
context of compatible complex structures. Let W be a 4-dimensional real
vector space equipped with a neutral metric and e1, ..., e4 an orthonormal
basis of W . Set εk = ||ei||
2, k = 1, ..., 4, and define skew-symmetric endo-
morphisms of W by setting Sijek = εk(δikej − δkjei), 1 ≤ i, j, k ≤ 4. Then
the endomorphisms
I1 = S12 − S34, J1 = S12 + S34,
I2 = S13 − S24, J2 = S13 + S24,
I3 = S14 + S23, J3 = S14 − S23
constitute a basis of the space of skew-symmetric endomorphisms of W
subject to following relations: I21 = −Id, I
2
2 = I
2
3 = Id, J
2
1 = −Id, J
2
2 =
J23 = Id, IrIs = −IsIr, JrJs = −JsJr, 1 ≤ r 6= s ≤ 3 and IrJs = IsJr,
1 ≤ r, s ≤ 3. Let K be a complex structure on W compatible with the
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metric and let us set K =
∑3
r=1(xrIr + yrJr). Then we have
(−x21 + x
2
2 + x
2
3 − y
2
1 + y
2
2 + y
2
3)Id+ 2
3∑
r,s=1
xrysIrJs = −Id
Evaluating the latter identity at e1, ..., e4, we see that
−x21 + x
2
2 + x
2
3 − y
2
1 + y
2
2 + y
2
3 = −1 and xrys = 0 for r, s = 1, 2, 3.
Therefore K2 = −Id if and only if either x21 − x
2
2 − x
2
3 = 1 and y1 = y2 =
y3 = 0 or y
2
1 − y
2
2 − y
2
3 = 1 and x1 = x2 = x3 = 0.
Consider J(W ) as a (closed) submanifold of the vector space so(g) of
g-skew-symmetric endomorphisms of W . Then the tangent space of J(W )
at a point J consists of all endomorphisms Q ∈ so(g) anti-commuting with
J . Thus we have a natural O(g) - invariant almost complex structure K
on J(W ) defined by KQ = J ◦Q. It is easy to check that this structure is
integrable.
Fix an orientation on W and denote by J±(W ) the set of compatible
complex structures on W that induce ± the orientation of W . The set
J±(W ) has the homogeneous representation SO(2p, 2q)/U(p, q) and, thus,
is the union of two components of J(W ).
Example 6. Under the notations of Example 5, let e1, e2, e3, e4 be an
oriented orthonormal basis of W . Then it is easy to see that J+(W ) is the
hyperboloid {
∑3
r=1 xrIr : x
2
1 − x
2
2 − x
2
3 = 1}.
Further on, given an even-dimensional real vector space V , the set J+(V ⊕
V ∗) of generalized complex structures on V inducing the canonical orienta-
tion of V ⊕ V ∗ will be denoted by G(V ).
The group GL(V ) acts on V ⊕ V ∗ by letting GL(V ) act on V ∗ in the
standard way. This action preserves the neutral metric (1) and the canonical
orientation of V ⊕V ∗. Thus, we have an embedding of GL(V ) into the group
SO(< , >) and, via this embedding, GL(V ) acts on the manifold G(V ) in
a natural manner.
A generalized almost complex structure on an even-dimensional smooth
manifold N is, by definition, an endomorphism J of the bundle TN ⊕ T ∗N
with J2 = −Id which preserves the natural neutral metric of TN ⊕ T ∗N .
Such a structure is said to be integrable or a generalized complex structure
if its +i-egensubbunle of (TN ⊕ T ∗N) ⊕ C is closed under the Courant
bracket [18]. Recall that if X,Y are vector fields on N and ξ, η – 1-forms,
the Courant bracket [11] is defined by the formula
[X + ξ, Y + η] = [X,Y ] + LXη − LY ξ −
1
2
d(ıXη − ıY ξ),
where [X,Y ] on the right hand-side is the Lie bracket and L means the Lie
derivative. As in the case of almost complex structures, the integrability
condition for a generalized almost complex structure J is equivalent to the
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vanishing of its Nijenhuis tensor N , the latter being defined by means of the
Courant bracket:
N(A,B) = −[A,B]− J [A, JB]− J [JA,B] + [JA, JB], A,B ∈ TN ⊕ T ∗N.
Example 7. Let J be a generalized almost complex structure on a manifold
N and let B be a smooth 2-form on N . Then, according to Example 4,
eBJe−B is a generalized almost complex structure on N . The exponential
map eB is an authomorphism of the Courant bracket (i.e. [eB(X+ξ), eB(Y +
η] = eB [X + ξ, Y + η]) if and only if the form B is closed [17]. In this case
the structure eBJe−B is integrable exactly when the structure J is so.
3. The twistor space of generalized complex structures
Let M be a smooth manifold of dimension 2n. Denote by pi : G → M
the bundle over M whose fibre at a point p ∈ M consists of all generalized
complex structures on TpM that induce the canonical orientation of TpM ⊕
T ∗pM . This is the associated bundle
GL(M) ×GL(2n,R) G(R
2n)
where GL(M) denotes the principal bundle of linear frames on M .
Let ∇ be a linear connection on M . Following the standard twistor con-
struction, we can define two generalized almost complex structures J∇1 and
J∇2 on the manifold G in the following way: The connection ∇ gives rise
to a splitting V ⊕ H of the tangent bundle of the associated bundle G into
vertical and horizontal parts. The vertical space VJ of G at a point J ∈ G
is the tangent space at J of the fibre through this point. This fibre is the
manifold G(TpM), p = pi(J), which admits a natural complex structure
K defined in the previous section and we set J∇α = (−1)
α+1K on VJ and
J∇α = (−1)
αK∗ on V∗J , α = 1, 2. Thus J
∇
α U = (−1)
α+1J ◦ U for every
U ∈ VJ (U being considered as an endomorphism of TpM ⊕ T
∗
pM) and
(J∇α ω)(U) = (−1)
αω(J ◦U) for ω ∈ V∗J . The horizontal space HJ is isomor-
phic via the differential pi∗J to the tangent space TpM,p = pi(J). Denoting
pi∗J |H by piH, we define J
∇
α on HJ ⊕H
∗
J as the lift of the endomorphism J
by the map piH ⊕ (pi
−1
H
)∗.
Remark. The fibre of G at any point p ∈M contains generalized complex
structures on TpM which do not preserve TpM as well as structures which do
not send TpM onto T
∗
pM . This shows that the generalized almost complex
structures structures J∇1 and J
∇
2 are not induced by an almost complex or
a symplectic structure.
Further the generalized almost complex structure J∇α will be simply de-
noted by Jα when the connection ∇ is understood. The image of every
A ∈ TpM ⊕ T
∗
pM under the map pi
−1
H
⊕ pi∗
H
will be denoted by Ah. The
elements of H∗J , resp. V
∗
J , will be considered as 1-forms on TJG vanishing
on VJ , resp. HJ .
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Let A(M) be the bundle of the endomorphisms of TM ⊕ T ∗M which are
skew- symmetric with respect to its natural neutral metric < , >. Consider
the twistor space G as a subbundle of A(M). Then the inclusion of G is fibre-
preserving and the horizontal space of G at a point J coincides with the hor-
izontal space of A(M) at that point since the inclusion G(R2n) ⊂ so(2n, 2n)
is SO(2n, 2n)-equivariant. Let (U, x1, ..., x2n) be a local coordinate system
of M and {Q1, ..., Q4n} an orthonormal frame of TM ⊕ T
∗M on U . Set
εk = ||Qk||
2, k = 1, ..., 4n, and define sections Sij , 1 ≤ i, j ≤ 4n, of A(M)
by the formula
(4) SijQk = εk(δikQj − δkjQi).
Then Sij, i < j, form an orthogonal frame of A(M) with respect to the
metric < a, b >= −
1
2
Trace (a ◦ b); a, b ∈ A(M); moreover ||Sij ||
2 = εiεj for
i 6= j. Set
x˜l(a) = xl ◦ pi(a), yij(a) = εiεj < a, Sij >
for a ∈ A(M). Then (x˜l, yij), 1 ≤ l ≤ 2n, 1 ≤ i < j ≤ 4n, is a local
coordinate system of the manifold A(M).
Let
V =
∑
i<j
vij
∂
∂yij
(J)
be a vertical vector of G at a point J . It is convenient to set vij = −vji for
i ≥ j, 1 ≤ i, j ≤ 4n. Then the endomorphism V of TpM ⊕ T
∗
pM , p = pi(J),
is determined by V Qi =
∑4n
j=1 εivijQj. Moreover
(5) JαV = (−1)
α+1
∑
i<j
(
4n∑
k=1
vikykjεk)
∂
∂yij
.
Note also that, for every A ∈ TpM ⊕ T
∗
pM , we have
(6) Ah =
4n∑
i=1
(< A,Qi > ◦pi)εiQ
h
i and JαA
h =
4n∑
i,j=1
(< A,Qi > ◦pi)yijQ
h
j .
For each vector field
X =
2n∑
i=1
Xi
∂
∂xi
on U , the horizontal lift Xh on pi−1(U) is given by
(7) Xh =
2n∑
k=1
(X l ◦ pi)
∂
∂x˜l
−
∑
i<j
∑
p<q
ypq(< ∇XSpq, Sij > ◦pi)εiεj
∂
∂yij
where ∇ is the connection on A(M) induced by the given connection on M .
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Let a ∈ A(M) and p = pi(a). Then (7) implies that, under the standard
identification of TaA(M) with the vector space of skew-symmetric endomor-
phisms of TpM ⊕ T
∗
pM , we have
(8) [Xh, Y h]a = [X,Y ]
h
a +R(X,Y )a
where R(X,Y )a is the curvature of the connection ∇ on A(M) (for the
curvature tensor we adopt the following definition: R(X,Y ) = ∇[X,Y ] −
[∇X ,∇Y ]).
Notations. Let J ∈ G and p = pi(J). Take an oriented orthonormal basis
{a1, ..., a4n} of TpM ⊕ T
∗
pM such that a2l = Ja2l−1, l = 1, .., 2n. Let {Qi},
i = 1, ..., 4n, be an oriented orthonormal frame of TM⊕T ∗M near the point
p such that
Qi(p) = ai and ∇Qi|p = 0, i = 1, ..., 4n.
Define a section s of G by setting
sQ2l−1 = Q2l, sQ2l = −Q2l−1, l = 1, ..., 2n.
Then, considering s as a section of A(M), we have
s(p) = J, ∇s|p = 0.
Thus XhJ = s∗X for every X ∈ TpM .
Further, given a smooth manifold N , the natural projections of TN⊕T ∗N
onto TN and T ∗N will be denoted by pi1 and pi2, respectively.
We shall use the above notations throughout this section.
To compute the Nijenhuis tensor of the generalize almost complex struc-
ture Jα, α = 1, 2, on the twistor space G we need some preliminary lemmas.
Lemma 3. If A and B are sections of the bundle TM ⊕T ∗M near p, then:
(i) [pi1(A
h), pi1(JαB
h)]J = [pi1(A), pi1(sB)]
h
J +R(pi1(A), pi1(JB))J.
(ii) [pi1(JαA
h), pi1(JαB
h)]J = [pi1(sA), pi1(sB)]
h
J +R(pi1(JA), pi1(JB))J.
Proof. Set X = pi1(A). By (7), we have X
h
J =
∑2n
l=1X
l(p) ∂
∂x˜l
(J) since
∇Sij|p = 0, i, j = 1, ..., 4n. Then, using (6), we get
[Xh, pi1(JαB
h)]J =
4n∑
i,j=1
< B,Qi >p yij(J)[X
h, pi1(Qj)
h]J +Xp(< B,Qi >)yij(J)(pi1(Qj))
h
J .
Moreover, sB =
∑
ij < B,Qi > (yij ◦ s)Qj since (JαB
h) ◦ s = (sB)h ◦ s.
Now formula (i) follows by means of (8). Similar computations give (ii). 
Lemma 4. Let A and B be sections of the bundle TM ⊕ T ∗M near p, and
let Z ∈ TpM , W ∈ VJ . Then:
(i) (Lπ1(Ah)pi2(B
h))J = (Lπ1(A)pi2(B))
h
J .
(ii) (Lπ1(Ah)pi2(JαB
h))J = (Lπ1(A)pi2(sB))
h
J .
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(iii)
(Lπ1(JαAh)pi2(B
h))J (Z
h +W ) =
(Lπ1(sA)pi2(B))
h
J(Z
h) + (pi2(B))p(pi1(WA)).
(iv)
(Lπ1(JαAh)pi2(JαB
h))J (Z
h +W ) =
(Lπ1(sA)pi2(sB))
h
J(Z
h) + (pi2(JB))p(pi1(WA)).
Proof. Formula (i) follows from (8). Simple computations involving (6) and
(8) give (ii), (iii) and (iv). 
The next lemma is also easy to prove by means of (6) and (8).
Lemma 5. Let A and B are sections of the bundle TM ⊕T ∗M near p. Let
Z ∈ TpM and W ∈ VJ . Then:
(i) (d ıπ1(Ah)pi2(B
h))J = (d ıπ1(A)pi2(B))
h
J
(ii)
(d ıπ1(Ah)pi2(JαB
h))J (Z
h +W ) =
(d ıπ1(A)pi2(sB))
h
J(Z
h) + (pi2(WB))p(pi1(A))
(iii)
(d ıπ1(JαAh)pi2(B
h))J (Z
h +W ) =
(d ıπ1(sA)pi2(B))
h
J(Z
h) + (pi2(B))p(pi1(WA))
(iv)
(d ıπ1(JαAh)pi2(JαB
h))J (Z
h +W ) =
(d ıπ1(sA)pi2(sB))
h
J(Z
h) + (pi2(WB))p(pi1(JA)) + (pi2(JB))p(pi1(WA)
For any (local) section a of A(M), following [15], denote by a˜ the vertical
vector field on G defined by
(9) a˜J = a+ J ◦ a ◦ J.
Let us note that for every J ∈ G we can find sections a1, ..., am,m = 4n
2−2n,
of A(M) near the point p = pi(J) such that a˜1, ..., a˜m form a basis of the
vertical vector space at each point in a neighbourhood of J .
Lemma 6. Let J ∈ G and let a be a section of A(M) near the point p =
pi(J). Then, for any section A of the bundle TM ⊕ T ∗M near p, we have:
(i) [pi1(A
h), a˜]J = (∇˜π1(A)a)J
(ii) [pi1(A
h),Jαa˜]J = (−1)
α+1J ◦ (∇˜π1(A)a)J
TWISTOR SPACES OF GENERALIZED COMPLEX STRUCTURES 11
(iii) [pi1(JαA
h), a˜]J = ( ˜∇π1(JA)a)J − pi1(a˜(A))
h
J
(iv) [pi1(JαA
h),Jαa˜]J = (−1)
α+1[J ◦ ( ˜∇π1(JA)a)J − pi1((J ◦ a˜)(A))
h
J ]
Proof. Let a(Qi) =
∑4n
j=1 εiaijQj, i = 1, ..., 4n. Then, in the local coordi-
nates of A(M) introduced above,
a˜ =
∑
i<j
a˜ij
∂
∂yij
where
a˜ij = aij ◦ pi +
4n∑
k,l=1
yik(akl ◦ pi)yljεkεl.
Let us also note that for every vector field X on M near the point p, in view
of (7), we have
[Xh,
∂
∂yij
]J = 0, X
h
J =
2n∑
i=1
Xi(p)
∂
∂x˜i
(J), (∇Xpa)(Qi) =
4n∑
j=1
εiXp(aij)Qj
since ∇Qi|p = 0 and ∇Sij|p = 0. Now the lemma follows by simple compu-
tations making use of (5) and (6). 
The proof of the next lemma is easy and will be omitted.
Lemma 7. Let A be a section of the bundle TM ⊕ T ∗M and V a vertical
vector field on G. Then:
(i) LV pi2(A
h) = 0; ıV pi2(A
h) = 0.
(ii) LV pi2(JαA
h) = pi2(V A)
h; ıV pi2(JαA
h) = 0.
Notations. Take a point J ∈ G and fix a basis {U2r−1, U2r = J1U2r−1},
r = 1, ..., 2n2 − n, of the vertical space VJ . Now let us take sections a2r−1
of A(M) near the point p = pi(J) such that a2r−1 = U2r−1 and ∇a2r−1|p =
0. Define vertical vector fields a˜2r−1 by (9). Then {a˜2r−1,J1a˜2r−1}, r =
1, ..., 2n2−n, is a frame of the vertical bundle on G near the point J . Denote
by {β2r−1, β2r} the dual frame. Then β2r = J1β2r−1.
Under these notations, identity (8) and Lemmas 3 and 6 imply the fol-
lowing
Lemma 8. Let A be a section of the bundle TM ⊕ T ∗M near the point
p = pi(J). Then for every Z ∈ TpM and s, q = 1, ...., 4n
2 − 2n, we have
(i) (Lπ1(Ah)βs)J(Z
h + Uq) = −βs(R(pi1(A), Z)J).
(ii) (Lπ1(JαAh)βs)J(Z
h + Uq) = −βs(R(pi1(JA), Z)J).
Proposition 1. Suppose that the connection ∇ is torsion-free and let J ∈ G,
A,B ∈ Tπ(J)M ⊕ T
∗
π(J)M , V,W ∈ VJ , ϕ,ψ ∈ V
∗
J . Then:
12 JOHANN DAVIDOV, OLEG MUSHKAROV
(i)
Nα(A
h, Bh)J = −R(pi1(A), pi1(B))J + (−1)
αJ ◦R(pi1(A), pi1(JB))J
(−1)αJ ◦R(pi1(JA), pi1(B))J +R(pi1(JA), pi1(JB))J
−
1
2
[1 + (−1)α]ωA,B,
where ωA,B is the vertical 1-form on G given by
ωA,B(W ) = pi2(JA)(pi1(WB)) + pi2(WB)(pi1(JA))
−pi2(JB)(pi1(WA))− pi2(WA)(pi1(JB))
for every W ∈ VJ .
(ii)
Nα(A
h, V )J = [1 + (−1)
α]((J ◦ V )A)hJ
(iii)
Nα(A
h, ϕ)J ∈ HJ ⊕H
∗
J and
< pi∗Nα(A
h, ϕ)J , B >= −
1
2ϕ(N1(A
h, Bh)J )
−12 [1 + (−1)
α]ϕ(J ◦R(pi1(A), pi1(JB))J + J ◦R(pi1(JA), pi1(B))J).
(iv)
Nα(V + ϕ,W + ψ)J = 0.
Proof. Set p = pi(J) and extend the vectors A,B to (local) sections of TM⊕
T ∗M , denoted again by A,B, in such a way that ∇A|p = ∇B|p = 0.
Let s be the section of G defined above with the property that s(p) = J
and ∇s|p = 0 (s being considered as a section of A(M)).
According to Lemmas 3, 4 and 5, the part ofNα(A
h, Bh)J lying inHJ⊕H
∗
J
is given by
(H⊕H∗)Nα(A
h, Bh)J = (−[A,B]− s[A, sB]− s[sA,B] + [sA, sB])
h
J .
Note that we have∇pi1(A)|p = pi1(∇A|p) = 0 and∇pi1(sA)|p = pi1((∇s)|p(A)+
s(∇A|p)) = 0. Similarly, ∇pi2(A)|p = 0 and ∇pi2(sA)|p = 0. We also have
∇pi1(B)|p = 0, ∇pi1(sB)|p = 0 and ∇pi2(B)|p = 0, ∇pi2(sB)|p = 0. Now,
since ∇ is torsion-free, we easily get (H⊕H∗)Nα(A
h, Bh)J = 0 by means of
the following simple observation: Let Z be a vector field and ω a 1-form on
M such that ∇Z|p = 0 and ∇ω|p = 0. Then for every T ∈ TpM
(LZω)(T )p = (∇Zω)(T )p = 0 and (d ıZω)(T )p = (∇Tω)(Z)p = 0.
By Lemmas 3, 4 and 5 the vertical part of Nα(A
h, Bh)J is equal to
VNα(A
h, Bh)J = −R(pi1(A), pi1(B))J − JαR(pi1(A), pi1(JB))J
−JαR(pi1(JA), pi1(B)) +R(pi1(JA), pi1(JB))J
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The part of Nα(A
h, Bh)J lying in V
∗
J is the 1-form whose value at every
vertical vector W is
(V∗Nα(A
h, Bh)J)(W ) =
−12 [pi2(JA)(pi1(WB)) + pi2(WB)(pi1(JA))
+(−1)αpi2(B)(pi1((J ◦W )A)) + (−1)
αpi2((J ◦W )A)(pi1(B))]
+12 [pi2(JB)(pi1(WA)) + pi2(WA)(pi1(JB))
+(−1)αpi2(A)(pi1((J ◦W )B)) + (−1)
αpi2((J ◦W )B)(pi1(A))].
The endomorphism W of TpM ⊕ T
∗
pM is skew-symmetric with respect to
the natural neutral metric and anti-commutes with J , so < JA,WB >=
< (J ◦W )A,B >. This gives
pi2(JA)(pi1(WB)) + pi2(WB)(pi1(JA)) =
pi2(B)(pi1((J ◦W )A)) + pi2((J ◦W )A)(pi1(B)).
It follows that
V∗Nα(A
h, Bh)J = −
1
2 [1 + (−1)
α][pi2(JA)(pi1(WB)) + pi2(WB)(pi1(JA))
−pi2(JB)(pi1(WA))− pi2(WA)(pi1(JB))].
This proves (i).
To prove (ii) take a section a of A(M) near the point p such that a(p) = V
and ∇a|p = 0. Let a˜ be the vertical vector field defined by (9). Then it
follows from Lemmas 6 and 7 that
Nα(A
h, V )J =
1
2
Nα(A
h, a˜)J = ((J ◦ V )A+ (−1)
α(J ◦ V )A)hJ .
To prove (iii) let us take the vertical coframe {β2r−1, β2r}, r = 1, ..., 2n
2−
n, defined before the statement of Lemma 8. Set ϕ =
∑4n2−2n
s=1 ϕsβs, ϕs ∈ R.
Let E1, ..., E2n be a basis of TpM and ξ1, ..., ξ2n its dual basis. Then, by
Lemma 8, we have
(10)
Nα(A
h, ϕ)J =
∑4n2−2n
s=1 ϕsNα(A
h, βs)J =
∑4n2−2n
s=1
∑2n
k=1 ϕs{[βs(R(pi1(A), Ek)J) + (−1)
α+1βs(J ◦R(pi1(JA), Ek)J)](ξk)
h
J
+[βs(R(pi1(JA), Ek)J)− (−1)
α+1βs(J ◦R(pi1(A), Ek)J)](Jξk)
h
J}.
Moreover, note that
< ξk, B >=
1
2
ξk(pi1(B)) and < Jξk, B >= − < ξk, JB >= −
1
2
ξk(pi1(JB)),
therefore
2n∑
k=1
< ξk, B > Ek =
1
2
pi1(B) and
2n∑
k=1
< Jξk, B > Ek = −
1
2
pi1(JB).
Now (iii) is an obvious consequence of (10) and formula (i).
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Finally, identity (iv) follows from the fact that the generalized almost
complex structure Jα on every fibre of G is induced by a complex structure.

4. The integrability condition
Theorem 1. Let M be a 2n-dimensional manifold and ∇ a torsion-free
linear connection on M . Let Jα = J
∇
α , α = 1, 2, be the generalized almost
complex structures induced by ∇ on the twistor space G of M . Then:
(i) If n = 1, the structure J1 is always integrable.
(ii) If n ≥ 2, the structure J1 is integrable if and only if the connection
∇ is flat.
(iii) The structure J2 is never integrable.
Proof. (i) Let J ∈ G and let {Q1, Q2 = JQ1, Q3, Q4 = JQ3} be an orthonor-
mal basis of TpM ⊕ T
∗
pM , p = pi(J). By Proposition 1, the Nijenhuis tensor
N1 of J1 vanishes at the point J if and only if N1(Q
h
1 , Q
h
3 ) = 0 (in view of
the fact that N1(J1E,F ) = N1(E,J1F ) = −J1N(E,F ) for E,F ∈ TG).
Let pi1(Qi) = ei, i = 1, ..., 4. Then, according to Proposition 1,
N1(Q
h
1 , Q
h
3) = ([−R(e1, e3)J +R(e2, e4)J ]− J ◦ [R(e1, e4)J +R(e2, e3)J ])
h
J .
Both summands in the above formula vanishes since, by Lemma 2, e3 =
cos t e1 + sin t e2, e4 = − sin t e1 + cos t e2 for some t ∈ R.
(ii) Let dimM = 2n ≥ 4 and assume that the generalized almost complex
structure J∇1 is integrable. Then, by Proposition 1, for every p ∈M , every
(genuine) complex structure K on TpM and every X,Y ∈ TpM we have
R(X,Y )K +K ◦R(X,KY )K +K ◦R(KX,Y )K −R(KX,KY )K = 0,
where R is the curvature tensor of the connection ∇. The latter identity,
as is well-known, is the integrability condition for the Atiyah-Hitchin-Singer
almost complex structure on the twistor space of complex structures on
the tangent spaces of M (see, e.g., [27, Theorem 1 or Theorem 3]). Then,
according to the arguments of [27, pp. 42 - 43], there exists a bilinear form
µ on TM × TM such that
(11) R(X,Y )Z = µ(X,Y )Z − µ(Y,X)Z + µ(X,Z)Y − µ(Y,Z)X.
Now let p ∈M and let {E1, ..., E2n} be an arbitrary basis of TpM . Denote by
{η1, ..., η2n} its dual basis. Let J be the complex structure on TpM ⊕ T
∗
pM
for which JE2k−1 = η2k, JE2k = −η2k−1, k = 1, ..., n. This structure is
compatible with the natural neutral metric of TpM ⊕ T
∗
pM , so we get a
generalized complex structure sending TpM onto T
∗
pM and vice versa (it is
similar to the structure in Example 2, Section 2). If n is an even number,
the structure J yields the canonical orientation of TpM⊕T
∗
pM , hence J ∈ G.
So, suppose that n is even and let X,Y ∈ TpM . Then, by Proposition 1 (i),
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we have R(X,Y )J = 0. The latter identity is equivalent to the following
identities
R(X,Y )η2k − JR(X,Y )E2k−1 = 0, R(X,Y )η2k−1 + JR(X,Y )E2k = 0,
k = 1, ..., n. It follows that for every Z ∈ TpM , we have
2[µ(X,Y )− µ(Y,X)]η2k(Z) + µ(X,Z)η2k(Y )− µ(Y,Z)η2k(X)
+µ(X,E2k−1)(JY )(Z)− µ(Y,E2k−1)(JX)(Z) = 0
and
2[µ(X,Y )− µ(Y,X)]η2k−1(Z) + µ(X,Z)η2k−1(Y )− µ(Y,Z)η2k−1(X)
−µ(X,E2k)(JY )(Z) + µ(Y,E2k)(JX)(Z) = 0.
Let k 6= l, 1 ≤ k, l ≤ n, be two indexes. Putting X = E2k−1, Y =
E2k, Z = E2l−1 into the above identities, we get µ(E2k−1, E2l−1) = 0
and µ(E2k, E2l−1) = 0; putting X = E2k, Y = E2k−1, Z = E2l, we get
µ(E2k−1, E2l) = 0 and µ(E2k, E2l) = 0. Moreover, setting X = Z = E2l−1,
Y = E2k and X = Z = E2l, Y = E2k into the first of the above identities,
we obtain µ(E2l−1, E2l−1) = 0 and µ(E2l, E2l) = 0. Now take the basis
E′1 = E1, E
′
2 = E3, E
′
3 = E2, E
′
4 = E4,...,E
′
2n = E2n. Then the identities
µ(E′1, E
′
3) = µ(E
′
3, E
′
1) = 0 give µ(E1, E2) = µ(E2, E1) = 0. It follows that
µ(E2k−1, E2k) = µ(E2k, E2k−1) = 0. Therefore µ = 0, thus R = 0 by (11).
Now assume that n = 2m + 1 is an odd number. Let X,Y ∈ TpM be
two linearly independent tangent vectors. Let {E1, ..., E2n} be an arbitrary
basis of TpM with E1 = X, E2 = Y . Denote by {η1, ..., η2n} its dual basis.
Let J be the complex structure on TpM ⊕ T
∗
pM for which JE2k−1 = η2k,
JE2k = −η2k−1, k = 1, ...,m, and JE4m+1 = E4m+2, Jη4m+1 = η4m+2.
Then J ∈ G and the preceding arguments show that
R(X,Y )Ei = 0 for i = 1, ..., 4m.
Applying the latter identity for the basis {E1, E2, E4m+1, E4m+2, E3, ..., E4m},
we see that R(X,Y )E4m+1 = R(X,Y )E4m+2 = 0. It follows that R = 0.
(iii) Let J ∈ J and let {Q1, Q2 = JQ1, ..., Q4n−1, Q4n = JQ4n−1} be an
orthonormal basis of TpM ⊕ T
∗
pM , p = pi(J). Define endomorphisms Sij of
TpM⊕T
∗
pM by (4). Then V = S13−S24 is a vertical vector of G at the point
J and it follows from Proposition 1 (ii) that N2(E
h
1 , V )J = 2(Q4)
h
J 6= 0. 
Remarks. 1. Concerning Theorem 1(ii), let us note that that every flat
torsion-free connection on a manifold induces an affine structure on it, i.e.
local coordinates whose transition functions are affine. If, in addition, the
connection is complete, then the manifold is the quotient of an affine space by
a group of affine transformations acting freely and properly discontinuously
on it (see, for example, [32]).
2. The complex structure K on the fibres of G is Ka¨hlerian with respect to
the metric < a, b >= −
1
2
Trace (a ◦ b). Let S be the generalized complex
structure on the vertical spaces of G induced by the Ka¨hler form of Ka¨hler
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structure (J , < , >) (see Example 2, Section 2). Then, given a connection
∇ on M , we can define two new generalized almost complex structures Iα
on the twistor space G by setting Iα = (−1)
α+1S on V⊕V∗ and Iα = J
∇
1 (=
J∇2 ) on H⊕H
∗, α = 1, 2. It is easy to see that the structures Iα are never
integrable. Indeed, let us adopt the notations used in part (iii) of the proof
of Theorem 1. Then Lemma 6 implies that the projection of the Nijenhuis
tensor NIα(E
h
1 , V )J onto HJ is equal to (Q4)
h
J .
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